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 BASIC MATHEMATICAL FORM OF MICHELL STRUCTURE
Sanaullah Khushak*, Ani Luo, Muhammad Basit Chandio, Asif Raza
Harbin Engineering University, College of Mechanical and Electrical Engineering, Harbin, China

Michell structure is well known among tensegrity structures due to its optimization form and minimum mass of the 
structure. Michell had adopted this idea from the results of James C Maxwell’s research on truss design. This paper 
presents the basic mathematical model of Michell structure based on complexity order q=2 in the two-dimensional 
coordinate system. This mathematical model imparts the analysis of all nodes and all members of Michell structure 
and investigates their position to construct a stable Michell structure. This basic mathematical model of Michell struc-
ture of complexity order q=2 can be used as a foundation to develop the Michell structure of high complexity orders. 
Furthermore, the force density in each member of the structure has been studied. An expression to calculate the 
minimum mass of structure has been defined at the end of this paper, which is the most important factor to construct 
any kind of tensegrity structure. 

Key words: force density, mathematical form, Michell structure, minimal mass, tensegrity structure

INTRODUCTION

In 1962, Fuller coined the word tensegrity by the consoli-
dation of two words ‘tension’ and ‘integrity’ [1]. Tensegrity 
structures are well known due to their stability, self-equi-
librium, and form finding analysis [2]. These structures 
are composed of compressive parts; known as bars, and 
the tensile parts; known as strings. The bar elements are 
subjected to compressive force and string elements are 
subjected to tensile force[3].
Numerous methods have been introduced to build simple 
units in order to achieve complex structures. The appli-
cations of tensegrity structure are found in various fields 
as in robotics, civil engineering, medical and aerospace 
due to its properties of light weight and self-equilibrium 
capability  [4]. The most fundamental requirement to de-
sign any structure is structural optimization approach. 
The basic parameters for structural design of any struc-
ture are its shape and size [5]; these parameters deter-
mine the minimum weight of structure by considering its 
self-stable equilibrium conditions under external force.
Michell presented the theory for such structure in 1904 
and are known as Michell structure. He studied the can-
tilever truss of optimal design to transmit the applied 
load to the given fixed point of support[6]. Although Mi-
chell structure is composed of bars and strings but it is 
quite different from other tensegrity structures. Michell 
structure contains equal number of bars and strings. The 
number of elements in this structure depends upon the 
order of complexity. Many researchers have presented 
the layout of least weight theory and some shortcomings 
of Michell structure theory [7]. In this article, we have de-
veloped the basic layout of the Michell structure based 
on complexity order q=2. This method will be supportive 
for new learners to develop Michell structure of any high-
er complexity order.

DESIGN OF STRUCTURE AND PARAMETERS

Design of any tensegrity structure depends on nodes, 
bars, strings and various angles between members but 
design of Michell structure needs complexity order q as 
an additional parameter. This section of paper describes 
these parameters. 
Michell structure has fixed outermost radius r0 and all oth-
er radii are dependent on this fixed radius. Two angles 
ø and β are constant and the length l0 and l1 between 
their respective nodes can be changed by changing the 
radius of structure as shown in fig.1.
Complexity order q and two angles ø & β are required to 
develop Michell Structure; where ø is the angle between 
the two adjacent radii and beta β is an angle between 
the compressive and tensile members in the finite com-
plexity. Value of 2β must be always less than 90 degree, 
if it approaches to 90 degree then complexity will reach 
to infinity[3]. The sin functions of angles ø & β are used 
to find the two constants α and c by using Eq. (1). These 
constants α and c can be used to calculate the inner radii 

Figure 1:  Michell structure of complexity order 2
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and length of the element between two nodes by using 
Eq. (2) and Eq. (3) respectively.

sinβα=
sin(β+j)

sinjc=
sin(j+β) (1)

j+1 jr =αr j=0, 1… q (2)

j jp =cr j=0, 1… q (3)

Total number of nodes tn and total number of members    
tm in Michell structure can be determined by Eq. (4) and 
Eq. (5) respectively.

( )( )
n

q+ q+
t =

1 2
2

(4)

( )mt = q q+1   (5)
Where q denotes the complexity order of Michell structure.
The structure of complexity order q=2 has 6 nodes and 
6 members. It is hard to recognize the bar members and 
string members in Michell structure because this struc-
ture of any complexity order has equal number of bars 
and strings as shown in fig 1. The answer of this question 
depends upon the direction of an applied external force 
[2]. If the external force is being applied in downward 
direction at 90 degree then red lines will represent the 
strings and blue lines will indicate the bars as shown in 
fig. 2 (a), and if external force is applied in upward direc-
tion then blue lines will represent the bars and red lines 
will indicate the strings as demonstrated in fig.2 (b)

(a)

We consider fig.2 (a) to analyze the string matrix, bar ma-
trix, connectivity matrices and force density of structure.

Nodes and node matrix

The Michell structure of complexity order q will have q+1 
spiral and each spiral has q-i+1 node.  Node matrix N is 
given in Eq. (6).

(6)

(7)
Where Ni denotes the spiral.
Position of each node can be determined by using radius 
r and trigonometric functions of ø as mentioned in Eq. (8)

, ,...ij j jn = r cos(j-i)j r sin(j-i) j ,j= q-0 1 1   (8)
Where i denotes the spiral and j denote the radius where 
node lies; and both subscripts together denote the node 
number. The nodes of the Michell structure of complexity 
order 2 can be written in matrix form as

[ ]N= N N N0 1 2 (9)

(9.1)[ ]N= n n n n n n00 01 02 10 11 20

The mirror image of all lines from x-axis will create the 
reflection of all nodes and lines; these reflected nodes 
have same position and magnitude and lie on their same 
respective radii as shown in fig.1

( )i(j+ ) i+ jn = n1 1 (10)

String matrix and string connectivity matrix

Michell structure of complexity order 2 has three strings 
and three bars. Each member is connected by two 
nodes[8]. Eq. (11) shows the string matrix, Eq. (12) 
shows the string element on the each spiral and Eq. (13) 
show the string vector, whereas Eq. (14) expresses the 
connectivity matrix of string CS.

i q-S= S S S S0 1 1    (11)

(12)

ij i(j+ ) ijS = n - n1   (13)
Where Ni(j+1) shows the starting point and nij denote the 
ending point string

s

-
c = -

-

1 1 0 0 0 0
0 1 1 0 0 0
0 0 0 1 1 0

 
 
 
  

(14)

The node of starting point and the node of end point of 
each member are denoted 1 and -1 respectively; and all 
the other nodes that do not touch the member are denot-
ed by zero. The sum of each row must be zero. Both con-
nectivity matrices of bars and strings of Michell structure 

0 1 i qN N N N N ,i 0,1,...q = = 

i i 0 i1 i (q i)N n n n − =  

i i 0 i1 ij i ( q i 1 )S s s s s − − =   

(b)
Figure 2: External force acting in downward direction (a)

External force acting in upward direction (b)
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of complexity order 2 will be order of 3×6. The number of 
rows shows the total number of bars and number of col-
umns shows the total number of nodes. The relationship 
with string matrix and node matrix can be defined as:

T
SS=NC (15)

CT
S denotes the transpose of the connectivity matrix of 

strings.

Bar matrix and bar connectivity matrix

The number of bars in a Michell structure is equal to the 
number of strings.  Eq. (16), (17), (18) and (19) represent 
the bar matrix, bar elements on each spiral, bar vector 
and bar connectivity matrix respectively,

(16)

(17)

ij (i+ )j ijb = n - n1   (18)

Where n(i+1)j shows the starting point and nij denote the 
ending point bar.

B

-
c = -

-

1 0 0 1 0 0
0 0 0 1 0 1
0 1 0 0 1 0

 
 
 
  

(19)

The relationship between bar matrix and node matrix can 
be found by following Eq.

T
BB=NC (20)

Where CB
T is the transpose of the connectivity matrix of bars.

Connectivity matrix C of whole structure as mentioned in 
Eq. (21) can be obtained by combining the Eq. (14) & (19),

-
-
-

C=
-

-
-

1 1 0 0 0 0
0 1 1 0 0 0
0 1 0 0 1 0
1 0 0 1 0 0
0 0 0 1 0 1
0 0 0 1 1 0

 
 
 
 
 
 
 
 
  

(21)

FORCE DENSITY ANALYSIS

An important factor related to tensegrity structures is 
force density[9]. Force density is “force per unit length of 
member” and can be formulated as Eq. (22).

i,j
i.j i.j

i.j

f
λ =γ =

l
(22)

λi.j=force density of bar
γi.j=force density of string
fi.j=internal force from i (starting node) to j (end node) 
li.j=length from i (starting node) to j (end node)
The general form of force density Equation in two-dimen-
sional system can be written as:

( ) ( )i j
i.j i j i.j i j i.j

r=N r=N r=Ni.j

x -x
f = x -x λ = x -x γ

l∑ ∑ ∑ (23)

( ) ( )i j
i.j= i j i.j i j i.j

r=N r=N r=Ni.j

y -y
f y -y λ = y -y γ

l∑ ∑ ∑ (23.1)

Negative sign (-) is used for the elements in compression 
and positive sign (+) is used for elements in tension for 
force density analysis.
We take node n00 to analyze force density on this node. 
One end of string s00 and bar b00 is connected with a 
common node n00 and other end of both members is con-
nected with nodes n01 & n10 respectively. The nodes n01 & 
n10 lie on the same radius, so length of string  s00 and bar 
b00 is same as demonstrated in Fig 2 (a). Relationship 
between force density of string s00 and bar b00 on node 
n00 along x-axis can be calculated by using the Eq. (23) 
as follows

xf =0∑ (24)

( ) ( ).
. .

. .

x x x xn -n n -n
f +f =

l l
01 00 10 00

01 00 10 00
01 00 10 00

0∑ (24.1)

.
. .

.

f
λ =γ =

l
01 00

01 00 01 00
01 00

or .
. .

.

f
λ =γ =

l
10 00

10 00 10 00
10 00

( ) ( ). .x x x xγ n -n λ n -n =01 00 01 00 10 00 10 00 0+ (24.2)

( )
( )
.

.
x x

x x

λ n -n
γ =-

n -n
10 00 10 00

10 00
01 00

(25)

Similarly, relationship between force density of string s00 
and bar b00 on node n00 along y-axis can be calculated by 
Eq. (23.1) as follows

Yf =0∑ (26)

( ) ( )
. .

. .

y y y yn -n n -n
f +f =

l l
01 00 10 00

01 00 10 00
01 00 10 00

0∑ (26.1)

( ) ( ). .y y yγ n -n λ n -n =01 00 01 00 10 00 10 00 0+y
(26.2)

( )
( )
.

.

 y y

y y

γ n -n
λ =-

n -n
01 00 01 00

10 00
10 00

(27)

Force density of string s00 and bar b00 on node n00 has 
been analyzed. Same method can be used to analyze 
the force density of remaining members on other remain-
ing nodes.

EQUILIBRIUM EQUATION

As we know that γ denotes force density of strings and 
strings carry tensional force. λ denotes the force density 
of bars and bars carry compressive force. The equilibrium 
equation of internal forces of structure can be written as

S BSγC -BλC =0 (28)

If an external force W is applied on the structure then Eq. 
(28) becomes

Eq. (29) is general form of system. S and B denote the 
string vector and bar vector respectively and their values 

0 1 i q 1B B B B B − =   

i i 0 i1 ij i ( q i 1 )B b b b b − − =   

(29)S BW SγC BλC= −
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γ
γ= γ

γ

00

01

10

0 0
0 0
0 0

 
 
 
  

λ
λ= λ

λ

00

01

10

0 0
0 0
0 0

 
 
 
  

[ ]
γ -

W= s s s γ -
γ -

00

00 01 10 01

10

0 0 1 1 0 0 0 0
0 0 0 1 1 0 0 0
0 0 0 0 0 1 1 0

   
   
   
      

[ ]
λ -

- b b b λ -
λ -

00

00 01 10 01

10

0 0 1 0 0 1 0 0
0 0 0 0 0 1 0 1
0 0 0 1 0 0 1 0

   
   
   
      

[ ]nW= w w1 

( )ijij ijij
N=q

M= || || + || ||γ s bλ2 2∑
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can be taken from Eq. (15) & (20).
As we have already mentioned that Michell structure of 
complexity order 2 has three strings and three bars, so 
values of their internal forces in diagonal matrices is

By inserting the values of CS & CB in Eq. (29), we get 
external force Equation as:

By multiplying the vector-matrix with corresponding force 
density matrix and connectivity matrix we will get external 
force on each node of structure [10]. The external force in 
vector form can be written as:

MINIMUM MASS

Michell structure is subjected to pure bending only rather 
than yielding or buckling failure. Yielding and buckling fail-
ure can occur in other types of tensegrity structure. There-
fore, mass of these type of tensegrity structures (except 
Michell structure) can be calculated on the bases of their 
yielding and buckling constraints, while Michell structure 
has a pure bending form of failure (if occurs) only; there-
fore, the minimum mass of this structure can be calculat-
ed by taking the “sum of the square of all bars and strings 
multiplied by the corresponding force density unit.”

Where ||sij|| & ||bij|| denotes the string and bar mem-
bers[11] respectively, N denote the node matrix and q 
denote the complexity order.

CONCLUSION

Michell structure of complexity order q=2 has been an-
alyzed. Node matrix, bar matrix, string matrix and their 
connectivity matrices were developed. Force density 
in elements has been discussed. Equilibrium Equation 
of structure has been derived. Minimal mass of Michell 
structure of complexity order 2 has been found. Michell 
structure of any higher complexity order can be easily de-
veloped by using this methodology of complexity order 2.
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